(1) ƒ»(*) s gn (t) + h n (z), for z on and exterior to C, where g n (z) is a rational f unction of z with all its poles exterior to C and h n (z) is analytic in the extended plane exterior to C, continuous in the corresponding closed region, with h n ( oo ) = 0.

If the totality of poles of all thef n (z) have no limit point on C, and if we have
n->oo
The significance of this theorem is in part as follows. In numerous situations a function f{z) is approximated on a Jordan curve C by a function of type f n (z) ; for instance ƒ (z) may be approximated on the unit circle C: \z\ = 1 by a trigonometric polynomial in the arc length, of order n, which is of type f n (z) . If this approximating function f n (z) is split into the two components g n (z) and h n (z) , what does h n (z) contribute to the degree of approximation? This question is answered by the theorem, asserting that asymptotically h n (z) contributes nothing to the degree of approximation, insofar as approximation is measured by the first member of (2) ; it is no more favorable to approximate to f(z) on C by functions f n (z) than by their respective components g n (s). As a matter of comparison, we note that if C is the unit circle, each of the functions h n (z) is orthogonal 1 to f(z) on C, and consequently in the sense of least squares no h n {z) can contribute to approximation tof(z) on C The present problem, approximation by functions not analytic in a given region to a function analytic in that region, is in a sense a companion piece to a problem studied on various occasions 2 by the present writer, namely approximation by functions analytic in a region to a function not analytic in that region.
The theorem is of course essentially more general than approximation on the unit circle. The theorem is not invariant under arbitrary conformai transformation of either the interior or exterior of C; such a transformation does not leave unchanged the components of f n (z) indicated in (1).
In connection with this theorem, it is to be noted 8 that any function f(z) which satisfies the given hypothesis and is analytic also on C can be uniformly approximated on C so that (2) is satisfied for suitably chosen i?, by rational functions f n (z) ^g n (z) of respective degrees n with poles in n prescribed points exterior to C, the prescribed poles having no limit point on C.
We proceed to the proof of the theorem. Let Ti and r 2 be two analytic Jordan curves chosen with T 2 interior to I\, and C interior to T 2 , and so chosen that all the poles of every f n (z) lie exterior to IY For z between I\ and T 2 we have
the integrals being extended in the positive sense with respect to the annular region bounded by I\ and F 2 . The function 
4SI
is defined and analytic in the extended plane exterior to l'a, with ^n(°°) =0. The second members of (5) and (6) for fixed 0 are independent of continuous deformation of I\ and T2 provided that I\ and T 2 in the deformation do not cross z or singularities oif n (z). The equation
(7) ƒ.(*)-*.(*) + *.(«). valid for z between Ti and
Ti, is also valid wherever the functions involved can be defined by analytic extension. It follows from (7) that in the extended plane exterior to T2 the singularities of g n (z) are precisely the singularities of f n (z), namely poles of total order not greater than n; moreover g n (z) is analytic interior to I\, hence is a rational function of order not greater than n. The function h n (z), defined by (6) and suitably extended analytically by (7), is analytic in the extended plane exterior to C, continuous in the corresponding closed region.
The separation oîf n (z) into components as defined by (1) (s) satisfy the prescribed conditions for g n (z) and h n (l) (z) and h n (2) ( z ) satisfy the prescribed conditions for h n (z), then the function gn {l) {%) ~~ gn {2) ( z ) is rational with its poles (if any) exterior to C, but is also equal to h n il) {z)-h n^) {z) exterior to C, hence is analytic in the entire extended plane, with the relation g n a)(oo)~^n(2)(oo)=An (2) ( oo )~*n (2) (oo)-0; thus we have g n ™(z) s gn (2)( 2 )andA n^(2 )sA n ( 2 )( Z ). We denote generically by C p the image in the «-plane of the circle |w| =p>l under the conformai map of the exterior of C onto the region \w\ >1, with the points at infinity in the two planes corresponding to each other. Let R\ be chosen so that the poles of all the f n (z) exterior to C lie exterior also to CR X .
Choose M 
The proof of the corollary follows directly the proof of the theorem ; in (9) we choose p so near unity that ƒ(z) is analytic on and within C p \ the identity in the annulus bounded by C and C p of the given function ƒ (z) and the limit of the sequence ƒ^(z) follows from the fact that these two functions analytic in the annulus approach the same set of boundary values when z exterior to C approaches C.
Theorem and corollary can be extended to include point sets C much more general than Jordan curves, even the case where C consists of several disjoint continua; these extensions are left to the reader.
The theorem becomes false if the requirement is omitted that C be rectifiable and if no additional requirement is placed on ƒ (2). For under such conditions C may be chosen (Osgood) to have positive area; there exists (Pompeiu) a function ƒ(z) analytic in the extended plane except on C, continuous for all values of z, zero at infinity yet not identically zero. We can choose f n (z)=ƒ(3), w = l, 2, • • • , from which it follows that (2) is satisfied for arbitrary R. Yet we have g n (z) =0, h n (z) ^f n (z) =/(2), so that the first member of both (3) and (4) which has the value unity. Inequalities (3) and (4) of the conclusion of the theorem are not satisfied.
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